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ABSTRACT 

Taking i n t o  account  the anomalous magne'tic moment of 

t he  e l e c t r o n  by adding t h e  so-cal led P a u l i  anomalous i n t e r a c t i o n  

t e r m  t o  t h e  u s u a l  D i r a c  Hamiltonian for an e l e c t r o n  i n  a 

c o n s t a n t  magnetic f i e l d  H ,  w e  conclude t h a t  spontaneous p a i r  

c r e a t i o n  may occur  for va lues  of H of the o rde r  of m 2 4  c /e 3 , 

which i s  the  " c r i t i c a l  f i e l d "  beyond which c l a s s i c a l  electro- 

dynamics b r e a k s  down. Our conclusion,  which h a s  impor tan t  

a s t r o p h y s i c a l  i m p i i c a t i o n s ,  c o n t r a s t s  w i t h  f l a t  p r e v i o u s l y  

ob ta ined  b y  n e g l e c t  of the anomalous magnetic moment. 
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1) 
It h a s  been suggested t h a t  magnetic f i e l d s  a s  l a r g e  a s  

2) 
1014 - gauss  may e x i s t  i n  neutron s t a r s  and Hoyle h a s  

c i t e d  the p o s s i b i l i t y  o f  a l a rge  p r i m o r d i a l  magnetic f i e l d .  

I n  a d i s c u s s i o n  o f  cosmological models 

u n i v e r s e ,  Thorne s p e c u l a t e s  t h a t ,  a t  3) 

... 2 

for the  expanding 

magnetic f i e l d  s t r e n g t h s  4) 

- -  
(1) 

111 13 
H >> Hc = - = 4.4 x 10 e gauss ,  

m o s t  of t h e  magnetic energy i s  converted i n t o  e l e c t r o n - p o s i t r o n  

p a i r s  which i n  t u r n  a n n i h i l a t e  i n t o  sma l l  wavelength r a d i a t i o n  

a s  t h e  un ive r se  expands. However, it h a s  been r e c e n t l y  s t a t e d  

t h a t  spontaneous p a i r  c r e a t i o n  cannot t a k e  p l a c e  i n  a c o n s t a n t  

magnetic f i e l d  . T h i s  conclusion i s  based on an a n a l y s i s  of 

the energy e i g e n s t a t e s  of an e l e c t r o n  i n  a c o n s t a n t  magnetic 

which l e a d s  t o  the r e s u l t  t h a t  t h e  s e p a r a t i o n  of f i e l d  

p o s i t i v e  and n e g a t i v e  energy s t a t e s  i s  always a t  l e a s t  2m. This 

5) 

6,7,8) 

a n a l y s i s  however does not t a k e  account of t h e  energy of t h e  

e l e c t r o n  due t o  i t s  anomalous inagnetic moment. It i s  our  pur- 

pose i n  t h i s  communication t o  inc lude  t h i s  energy and show t h a t ,  

under c e r t a i n  c i rcumstances ,  spontaneous p a i r  c r e a t i o n  i s  

possible . This conclus ion  h a s  impor tan t  a s t r o p h y s i c a l  impli-  

c a t i o n s .  
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The Di rac  equat ion  for a n  e l e c t r o n  w i t h  an anomalous 

magnet ic  moment, p say ,  i n  a cons t an t  homogeneous magnetic 

f i e l d  H t a k e s  t h e  form 
9,lP) 

where t h e  t e r m  con ta in ing  p ( t h e  so-cal led P a u l i  anomalous 

i n t e r a c t i o n  t e r m )  i s  an a d d i t i o n  t o  t h e  u s u a l  D i r a c  Hamiltonian. 

D i f f e r e n t  va lues  f o r  t h e  energy e igenva lues  de r ived  from t h i s  

e q u a t i o n  a r e  quoted i n  t he  l i t e r a t u r e  

the r e s u l t  u s ing  s t anda rd  techniques  and w e  f i n d ,  i n  agreement 

w i t h  ref .  10 ,  t h a t  the energy e igenvalues  E for an e l e c t r o n  

i n  a c o n s t a n t  magnetic f i e l d  B o r i e n t e d  a long  the 2 a x i s  a r e  

. W e  have re-der ived 9,101 

g iven  by  

where n = 0 ,  1, 2 ,  - - -  Is t h e  p r i n c i p a l  quantum number, 

5 = 21 refers  t o  s p i n  up and spin down and pz i s  the momentum 

o f  t h e  p a r t i c l e  a long  t h e  2 axis. 
11,121 

Now p h a s  been c a l c u l a t e d  to order a2 b u t  f o r  ou r  

1 3 )  purposes  it i s  s u f f i c i e n t  t o  cons ider  o n l y  t h e  Schwinger 



i s  the Bohr magneton. Thus, w e  can w r i t e  ?% where 
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W e  would l i k e  t o  emphasize t h e  elegance of t h i s  expres s ion  for 

E because it i n c l u d e s  the e f f e c t s  of r e l a t i v i t y ,  t h e  Landau 

d iamagnet ic  c o n t r i b u t i o n  due t o  q u a n t i z a t i o n  of the  orb i t s  i n  

the p lane  pe rpend icu la r  t o  Z ,  t he  P a u l i  paramagnetic 

c o n t r i b u t i o n  due t o  t h e  "normal" magnetic moment and the  

c o n t r i b u t i o n  due t o  the anomalous magnetic moment. 

~f p =i7 n,n 3 - A  j= =1 .*;e fiiid 5 i iu i i i rnum va iue  for 

b y  

For va lues  

i E i  given  z " I  u A A u  

Thus, w e  see t h a t  allowance for the anomalous magnetic moment 

of t he  e l e c t r o n ,  l e a d s  t o  t h e  conclusion t h a t  the minimum 

s e p a r a t i o n  between p o s i t i v e  and nega t ive  energy s t a t e s ,  AE say ,  

i s  g iven  by 

a H  
4T H, AE = 2m ( 1 - - - )  (7) 

W e  can now s t a t e  the main r e s u l t  of ou r  paper ,  i . e .  , for va lues  of 

H e q u a l  to 47 a -' H A AE may be zero and t h u s  spontaneous p a i r  

p r o d u c t i o n  may occur ,  

C I  

It is i n t e r e s t i n g  t o  no te  t h a t  a v a l u e  
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of H of t h i s  o rde r  r e p r e s e n t s  t h e  well-known maximum value  

of H beyond which c l a s s i c a l  electrodynamics b r e a k s  down . 14 1 

It  should be emphasized t h a t  our  expres s ion  f o r  1El 
m i  n 

cor responds  t o  t h e  lowest o r b i t  n = 0; f o r  va lues  o f  n>O it 

i s  c l e a r  t h a t  /El will be g r e a t e r  t h a n  m,  p a r t i c u l a r l y  f o r  

l a r g e  v a l u e s  of  H.  Now t h e  t o t a l  possible number of e l e c t r o n s  
I ,min 

hav ing  v a l u e s  of n e q u a l  t o  zero i s  g iven  by the l e v e l  

degeneracy number, g say ,  a s  follows 15) 

2/3 
V 2 H  

g =  - m -  
2rr HC 

which a r e  necessary  t o  o b t a i n  values  of / E l  equa l  t o  ze ro  

a l s o  h e l p  to i n c r e a s e  the  number o f  p a r t i c l e s  capable  of  
min 

posses s ing  t h e  quantum numbers appropr i a t e  t o  t h e s e  z e r o  energy 

va lues .  The p r o b a b i l i t y  t h a t  each of the  g l e v e l s  corresponding 

t o  n = 0 a r e  occupied depends of course  on  t he  degeneracy of  t h e  

g a s  and t h u s  t h e  r a t e  of spontaneous p a i r  p roduct ion  w i l l  depend 

on  the  tempera ture  and d e n s i t y .  An impor tan t  f a c t o r  a l s o  i s  

whether or not t h e  c r e a t i o n  t akes  p l a c e  i n  a vacuum. A d e t a i l e d  

a n a l y s i s  of t h e s e  .points t oge the r  w i t h  t h e i r  a s t r o p h y s i c a l  

consequences ( p a r t i c u l a r l y  i n  r e spec t  t o  t h e  phys ic s  of neutron 

s t a r s  and the expanding universe)  w i l i  be publ i shed  elsewhere.  
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A s  a f i n a l  remark w e  no te  another e f f e c t  o f  magnetic 

f i e l d s  which h a s  been o f t e n  ignored i n  a s t r o p h y s i c a l  i n v e s t i -  

g a t i o n s ,  v i z .  t h a t  t h e  r a t e s  of a l l  e lementary p a r t i c l e  

p r o c e s s e s  w i l l  be a f f e c t e d .  ??lis a r i s e s  simply from t h e  

f a c t  t h a t  there is a c o n t r i b u t i o n  t o  t h e  energy of a p a r t i c l e  

due t o  i t s  i n t e r a c t i o n  w i t h  the magnetic f i e l d .  Thus, f o r  

example, t h e  r a t e s  o f  the weak i n t e r a c t i o n  p rocesses  which 

de termine  t h e  r a t e  o f  product ion of He and o t h e r  e lements  i n  

a n  expanding un ive r se  w i l l  be a f f e c t e d  by t h e  presence  o f  a 

16) 
magnetic f i e l d .  I n  a d d i t i o n ,  c e r t a i n  p rocesses  which a r e  

fo rb idden  i n  vacuum (such a s  neu t r ino  p a i r  p roduc t ionL7) )  a r e  

now al lowed.  
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